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Abstract
We show that, for every nonlocally compact Polish group G with a left-invariant complete metric ρ, we have covG = cov(M).
Here, covG is the minimal number of translates of a fixed closed nowhere dense subset of G, which is needed to cover G, and
cov(M) is the minimal cardinality of a cover of the real line R by meagre sets.
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1. Introduction
This note deals with the cardinal covG for nonlocally compact Polish groups G. This cardinal is defined as the
least cardinality of a set X ⊂ G such that XM = G for some closed nowhere dense set M ⊂ G (as mentioned in
[8] and is easy to see covG is independent on the order of the factors above). It is supposed that covG = cov(M)
for every nonlocally compact Polish group G, where cov(M) is the standard covering number of category, i.e., the
minimal cardinality of a cover of the real line R by meagre sets. This supposition is suggested in [8] where, via
Result 2.1 stated below and certain ad hoc methods, it is proved that the equality holds for the group Zω, the group
of permutations of the integers Aut(Z), the group of homeomorphisms H([0,1]n) of a finite- or infinite-dimensional
cube, and the additive group E of an arbitrary separable (infinite-dimensional) Banach space with an unconditional
basis.
This note proposes a way of verifying the above conjecture for every Polish group with a complete left-invariant
metric. As a consequence, we extend the result of Miller and Stepra¯ns to all separable infinite-dimensional Banach
spaces. (Let us note that in [8] it proved that, for G = Rn or Rn/Zn it is consistent that covG > cov(M); in this paper
we concentrate on the case of nonlocally compact groups.)
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cov(M).
Since every Abelian Polish group admits a left-invariant complete metric, we have:
Corollary 1.2. For a nonlocally compact Abelian Polish group G, covG = cov(M).
Applying the above corollary to the additive group of an infinite-dimensional Banach space, we obtain the affirma-
tive answer to Question 15 of [8]:
Corollary 1.3. For a separable infinite-dimensional Banach space E we have covE = cov(M), where E= (E,+).
A simple (probably known) argument allows us to generalize the above corollary as follows:
Corollary 1.4. For an infinite-dimensional separable Banach–Lie group G (see [1]), covG = cov(M).
Proof. There exists an open neighborhood U of 0 ∈ L(G) (the Lie algebra of the group G) on which the exponential
map exp is an analytic diffeomorphism onto an open neighborhood V of e ∈ G, the neutral element of the group.
It follows that exp and its inverse are uniformly continuous on sufficiently small open neighborhoods of 0 and e,
respectively. Since exp(−x) = (exp(x))−1, the map g → g−1 is uniformly continuous on a neighborhood of e. By
Note in [5, Chapter 6, Problem Q, p. 212], this implies that G admits a complete left-invariant metric. 
Every locally compact metrizable group admits a (bounded) complete left-invariant metric (see just quoted Note
in [5, Chapter 6, Problem Q, p. 212]). This, together with the fact that a countable product of Polish groups each of
which admits a left-invariant metric admits such a metric itself, yields:
Corollary 1.5. For the group G, which is a countable product of separable locally compact metrizable groups with
infinitely many factors being noncompact, we have covG = cov(M).
2. Proof of Theorem 1.1
Given a metric space (X,ρ), by B(x, r) (B¯(x, r)) we denote the open (closed) ball in X with center x and of
radius r . We denote the neutral element of a group G by e.
ω<ω is the set of all finite sequences of natural numbers. For a sequence s ∈ ω<ω, lh(s) is the length of s. If
s = (i0, . . . , in−1) then sˆk denotes the sequence (i0, . . . , in−1, k).
Our proof of Theorem 1.1 is based on the following special case of Theorem 7 from [8].
Result 2.1 (Miller and Stepra¯ns). Let G be a Polish group such that there are {Ajn,Bn}j,n∈ω satisfying:
(1) Ajn and Bn are subsets of G;
(2) ⋂n∈ω Ab(n)n = ∅ for every b ∈ ωω;
(3) ⋃n∈ω Bn is dense and open;
(4) (AinBn)∩ (AjnBn) = ∅ for i = j .
Then covG = cov(M).
Lemma 2.2. Let G be a nonlocally compact metrizable group with a left-invariant complete metric ρ. Then, for every
ε > 0 there is a δ > 0 such that, for every x ∈ G, there is a sequence (yn)n∈ω in B(x, ε) satisfying ρ(yk, yn) > δ for
every k,n ∈ ω,k = n.
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Therefore, we can find a δ > 0 and a sequence (zn)n∈ω in B(e, ε), such that ρ(zk, zn) > δ for every k,n ∈ ω, k = n.
Now, given x ∈ G, we define the required sequence (yn) by yn = xzn for n ∈ ω. 
Lemma 2.3. Let G be a metrizable group with a left-invariant metric ρ. Then, for every z ∈ G and ε > 0 there is
a δ > 0 such that, for every x, x′ ∈G and every y, y′ ∈ B(z, δ), if ρ(x, x′) ε then xy = x′y′.
Proof. Fix z ∈ G and ε > 0. By the continuity of the map (x, y) 
→ xy−1 at the point (z, z) we can find a δ > 0 such
that, for every y, y′ ∈ B(z, δ), we have ρ(e, y′y−1) < ε. Take x, x′ ∈ G with ρ(x, x′)  ε. Then ρ(x′, x′y′y−1) =
ρ(e, y′y−1) < ε and therefore
ρ
(
x, x′y′y−1
)
 ρ(x, x′)− ρ(x′, x′y′y−1)> ε − ε = 0.
Hence x = x′y′y−1 and xy = x′y′. 
Proof of Theorem 1.1. By induction we will chose rn > 0 for n−1 and xs ∈G for s ∈ ω<ω satisfying
(a) ρ(xsˆi , xsˆj ) > rn for n = lh(s), i = j , s ∈ ω<ω,
(b) ρ(xs, xsˆi ) < rn−1/8 for s ∈ ω<ω, n = lh(s), i ∈ ω.
We define x∅ = e and r−1 = 1. Suppose that we have chosen numbers ri for i < n and points xs for s with lh(s) n.
We apply Lemma 2.2 for ε = rn−1/8 obtaining δ = rn. For each sequence s of length n, Lemma 2.2 applied for x = xs
gives us a sequence (xsˆi ) satisfying conditions (a) and (b).
For every j,n ∈ ω, we define
A
j
n =
⋃{
B¯(xsˆj , rn/4): s ∈ ω<ω, lh(s) = n
}
.
Let {zn: n ∈ ω} be a countable dense subset of G. For each n ∈ ω we put sn = δ, where δ is given by Lemma 2.3
applied for z = zn and ε = rn/2. We also define Bn = B(zn, sn).
It remains to verify that the sets Ajn, Bn satisfy the assumptions of Result 2.1. The conditions (1) and (3) are clear.
Observe that conditions (a) and (b) imply that rn < rn−1/4. Hence, for a sequence s of length n, we have
B¯(xsˆj , rn/4) ⊂ B¯(xs, rn−1/4). (1)
This inclusion, together with condition (a) imply that for every n, x ∈ Ain, and x′ ∈ Ajn, i = j , we have ρ(x, x′) rn/2.
Then from the choice of sn it follows that xy = x′y′ for all y, y′ ∈ Bn. This means that condition (4) of Result 2.1 is
satisfied.
Fix s ∈ ωω. Then, for each n, B¯(xs|n+1, rn/4) ⊂ As(n)n . By inclusion 1, the sequence of closed balls B¯(xs|n+1, rn/4)
is decreasing; the inequality rn < rn−1/4 shows that the sequence of their diameters converges to 0. Hence we have⋂
n∈ω A
s(n)
n ⊃⋂n∈ω B¯(xs|n+1, rn/4) = ∅, which proves condition (2). 
The above proof goes through if the complete (not necessarily invariant) metric ρ satisfies the following condition:
(u) For every ε > 0 there is a δ > 0 and a neighborhood V of e such that ρ(xg, xg′) < ε for every x,g, g′ ∈ V with
ρ(g,g′) < δ.
Below we give an example of a group satisfying (u) that appears in the mathematical nature.
Example 2.4. Let H be a separable infinite-dimensional Hilbert space with an orthogonal basis {ei}. Then G, the
closure of {h ∈GL(H): (∃n ∈N) h(ei) = ei for i  n+1} in the general linear group GL(H) with the operator norm
topology, is a Polish nonlocally compact group whose metric, induced by the operator norm, satisfies condition (u).
However, let us make the following general observation:
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complete left-invariant metric. It can be checked that, for the left-invariant metric d constructed on G via the Birkhoff
procedure (see [9, p. 34] for the right-invariant version of the construction), every d-Cauchy sequence is also ρ-
Cauchy. Hence, d is complete.
3. Translates by elements of subgroups or neighborhoods
We are thankful to Taras Banakh for the following fact which we have learned from him:
Proposition 3.1. Let H be a nondiscrete closed subgroup of a Polish group G. Then covG  covH. In particular, if
covH = cov(M), then also covG = cov(M).
Proof. Consider the quotient space G/H = {Hx : x ∈ G} and the quotient map q :G → G/H. Let ρ be a left-invariant
metric compatible with the topology of G. A standard argument shows that the formula ρˆ(Hx,Hy) = distρ(x,Hy)
defines a metric in G/H, cf. [9, Chapter I, Section 1.23]. The map q is open; hence, by a result of Hausdorff, it follows
that G/H is completely metrizable, see [3, p. 422]. The Kuratowski–Ryll-Nardzewski Theorem (see [4]) implies that
there exists a Borel selection f : G/H → G, i.e., a Borel map such that f (Hx) ∈ Hx for each x ∈ G. Then the set
A = f (G/H) is Borel, being an injective Borel image of the Polish space G/H.
Let M be a closed nowhere dense subset of H such that XM = H for some set X ⊂ H of the cardinality covH.
Obviously, we have XMA = G. Now, by [8, Proposition 3], it is enough to show that the set MA is meagre in G.
We can find a dense Gδ subset Z of G/H such that the restriction f |Z : Z → G is continuous (see [4, p. 52]).
Then the map ϕ : H×Z → G, defined by ϕ(h, z) = hf (z), (h, z) ∈H×Z, is continuous and injective. One can easily
verify that the inverse map ψ : ϕ(H×Z) → H×Z can be described as follows
ψ
(
hf (z)
)= (hf (z)[f (q(hf (z)))]−1, q(hf (z)))= (h, z),
(h, z) ∈ H × Z. Therefore ψ is continuous and ϕ is a homeomorphic embedding. It follows that ϕ(H × Z) is a Gδ
subset of G. From the fact that q is open and Z is dense in G/H we obtain that ϕ(H×Z) is also dense in G. We have
MA ∩ ϕ(H× Z) = ϕ(M × Z). Since M × Z is closed nowhere dense in H× Z, the intersection MA ∩ ϕ(H× Z) is
closed nowhere dense in ϕ(H×Z). Hence MA is meagre in G. 
Corollary 3.2. Let H be a closed (equivalently, Polish) nondiscrete subgroup of a Polish group G.
(i) If H is nonlocally compact and admits a complete left-invariant metric, then covG = cov(M).
(ii) If H is a normal subgroup such that the quotient G/H is nonlocally compact and admits a complete left-invariant
metric, then covG = cov(M).
(iii) In general, if H is a normal subgroup, covG min(covH, covG/H).
Proof. For (i) combine Theorem 1.1 with Proposition 3.1. For (ii) and (iii), additionally, use [8, Lemma 18(a)]. 
In view of Corollary 3.2(i) it is justified to ask whether every nonlocally compact Polish group contains a nonlocally
compact group with a complete left-invariant metric or, even more, an Abelian nonlocally compact Polish group.
Before our paper has been completed Malicki [6] answered the first question in the negative. Earlier, an example of
a Polish group with no nondiscrete Abelian subgroups was given by Ding and Gao [2] and by Solecki (unpublished).
Hence, it is justified to ask
Question 3.3. Let G be the group from [6]. Is covG = cov(M)?
Now, we will show that covG is a local invariant. Let U be an open neighborhood of the neutral element e in a
Polish group G. We define covU
G
to be the minimal cardinality of a set X ⊂ U such that U ⊂ XM for some meagre
set M ⊂ U .
Lemma 3.4. For a Polish nondiscrete group G, covG = covUG for some (equivalently, for every) open neighborhood U
of e.
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G
, be such that U ⊂ XM for some meagre set
M ⊂ U . There exists a sequence {gn} in G such that the family {gnU} covers G. Then, for Y = ⋃gnX, we have
YM = G. From [8, Proposition 3] it follows that covG  |X|.
On the other hand, let XM = G for some closed nowhere dense set M ⊂ G and some X. There exists a sequence
{Vn} of open neighborhoods of e in G with V −1n = Vn ⊂ U and a sequence {gn} ⊂ U such that gnV 2n ⊂ U and⋃
gnVn = U . Fix n and pick a sequence {ak} in G such that the family {akVn} covers M . Then M ′n =
⋃
Vn ∩ a−1k M
is meagre in U . For g ∈ Vn, pick x ∈ X and m ∈ M such that g = xm. Find ak such that m ∈ akVn; hence, g =
xm = xaka−1k m = xakm′, where m′ = a−1k m ∈ Vn (and thus m′ ∈ M ′n). It follows that xak = g(m′)−1 ∈ V 2n . Letting
Yn = {gnxak: x ∈ X, k ∈ N}, we see that Yn ⊂ U and gnVn ⊂ YnM ′n.
It follows that N =⋃n M ′n is a meagre set in U , which for Y =
⋃
Yn gives U ⊂ YN with |Y | = |X|. 
Proposition 3.5. If nondiscrete Polish groups G1, G2 are locally isomorphic, then covG1 = covG2 . In particular, for
a discrete normal subgroup H of a nondiscrete Polish group G, covG = covG/H.
Proof. The ‘particular’ assertion is a consequence of the fact the groups in question are locally isomorphic meaning
that there are open neighborhoods Ui ⊂ Gi , i = 1,2, of the neutral elements and a homeomorphism h of U1 onto
U2 such that, for every g,g′ ∈ U1 with gg′ ∈ U1, we have h(g)h(g′) ∈ U2 and h(gg′) = h(g)h(g′) and also a similar
condition is satisfied for h−1 : U2 → U1. 
Proposition 3.5 implies that covRn = covRn/Zn , a fact observed in [8] (together with a precise evaluation of this
cardinal). Proposition 4.1 below provides examples of non-Abelian nonlocally compact Polish groups G with a copy
of Z. Hence, by Proposition 3.5, for those groups covG/Z = cov(M).
4. Application to certain transformation groups
We will deal with the following nonlocally compact Polish groups: Aut(Z), the group of permutations of the
integers; H(M), the group of homeomorphisms of the manifold M modeled on a finite- or infinite-dimensional cube
[0,1]n; Aut(Q,), the group of order-preserving bijections of the rationals Q (with the discrete topology) endowed
with the pointwise convergence topology; H(2ω), the group of homeomorphism of the Cantor set 2ω; and U(H), the
unitary group of the separable infinite-dimensional Hilbert space H with the strong operator topology (that is, the
topology of pointwise convergence on H , see [4, p. 59]).
Below we show that each group from the above list contains an isomorphic copy of the Baire group Zω. This
seems to be known except for the groups H(M) and Aut(Q,). (The Aut(Q,) can be easily viewed as a sub-
group of Aut(Z), which is a subgroup U(H). Moreover, it can be checked that Aut(Q,) is a subgroup of H(2ω).)
Since we could not find an appropriate literature reference, below we include a proof which works for all groups in
question.
Recall that an action of group G on X is effective if for g = e, gx = x for some x ∈ X. For such an action of
a topological group G on a space X, G can be identified with a subgroup of the homeomorphism group H(X). In
particular, the obvious (effective) action (x, k) → x + k of the integer group Z on Z, R, or Q allows one to identify Z
as a subgroup of the respective homeomorphism group. This fact has a “local” version, which, when repeated infinitely
many times, leads to identifying Zω as a subgroup of certain homeomorphism groups.
Proposition 4.1. The Baire group Zω is isomorphic to a (necessarily, closed) subgroup of Aut(Z), H(M), Aut(Q),
U(H), and H(2ω).
Proof. Let X denote one of the spaces: Z, [−∞,∞], or Q; let X0 ⊂ X stand for R in case of X = [−∞,∞] and
X0 = X otherwise. First, we will construct an action of Zω on X and, henceforth, it will be easily seen that Zω
can be identified as a subgroup of G = Aut(Z), H∂ ([−∞,∞]) (the group of order preserving homeomorphisms of
[−∞,∞]), or Aut(Q,).
Let Y ⊂ X0 be an infinite subset in case X = Z or, otherwise, a nonempty open interval. Choose a bijection h of Y
onto X0; for the cases of X = [−∞,∞] or X = Q, require additionally that h is an order preserving homeomorphism.
Then, the mapping φY given by φY (y, k) = h(h−1(y) + k) for y ∈ Y and φY (y, k) = y, otherwise, defines an action
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their closures is pairwise disjoint. Then, for k = (kn) ∈ Zω, the mapping given by φ(y, k) = φYn(y, kn) if y ∈ Yn and
φ(y, k) = y if y /∈⋃Yn, defines an action of Zω on X.
Starting with the action ((xn), k) → (x1 + k, x2, . . . , xn) of Z on Rn, in the above argument, replace [−∞,∞] by
a finite product [−∞,∞]n. Repeating the above argument, it easily follows Zω can be identified as a subgroup of
the group H∂ ([−∞,∞]n), which can be identified with the group H∂ ([0,1]n) consisting of those homomorphisms
that are the identity on the boundary of [0,1]n. Obviously such a group can be treated as a subgroup of H(M) for
any n-dimensional manifold M . Our result follows for such an M . On the other hand, a Hilbert cube manifold M
is always homomorphic to M × [0,1] (see [7]). Then the group H(M × [0,1]) contains a copy of H([0,1]) and,
therefore, contains a copy of the Baire group.
In the remaining two cases of U(H) and H(2ω), we use the action of Z on the domain of our transformations. We
will provide details for the group U(H); the other case can be treated similarly. Use 
2(Z) as a model for the Hilbert
space H . Consider the obvious action of Z on 
2(Z) by letting ((xn), k) → (xk+n), ((xn), k) ∈ 
2(Z) × Z. Now, the
procedure described above (with the use of the sequence {Yn}) yields an action φ(x,g), (x, g) ∈ 
2(Z) × Zω, of Zω
on 
2(Z) such that φ(·, g), is an operator permuting the coordinates of 
2(Z) (hence, is an element of U(H)). 
The observations from Proposition 4.1 together with Proposition 3.1 yield an alternative way of proving that
covG = cov(M) for some of the groups G considered in [8] (with a slight generalizations for the homeomorphism
groups of manifolds).
It is known [4] that the groups H([0,1]ω) and U(H) are universal for the class of all Polish groups. On the other
hand, the Baire group Zω cannot be embedded in some (even, Abelian) groups. Examples are: the additive subgroups
of Banach spaces and the Lebesgue measure algebra L = L(Z2); for both of these groups Theorem 1.1 applies.
The latter example can be generalized. For a Polish group G, L(G) consists of all equivalence classes of Lebesgue
measurable functions [0,1] →G with the topology of convergence in measure and the obvious algebraic structure.
Corollary 4.2. For a nontrivial Polish group G, we have covL(G) = cov(M).
Proof. Since G is nontrivial, L(G) is a nonlocally compact Polish group. Such a G contains as a (necessary, closed)
subgroup G0, which is a copy of either Zk , k  2, or of Z. Since, L(G0) is Abelian and nonlocally compact our
assertion follows from Corollary 3.2. 
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